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CONCERNING POINTWISE LIMITS OF
SEQUENCES OF FUNCTIONS
Simple graphs which are pointwise limits of sequences
of continuous simple graphs and simple graphs which are
pointwise limits of sequences of quasi-continuous simple
graphs each continuous on the right are characterized in
this paper. These characterizations depend upon Theorem I
which deals with certain collections of point sets. In order
to state Theorem I, it will be convenient to introduce the
words "acceptable" and "determines."
Definition,, If K is a collection of point sets, the
subcollection K' of K is said to be an acceptable subcollec-
tion of K if and only if it is true that if u is an element
of K ! and v is an element of K and v is not a subset of u
then v is in K'.
The word determines is not defined but is assumed to
have the following three properties:
Property (1). If H is a collection of point sets
which determines h, then h is a point set which is a subset
of each member of H.
Property (2 ) „ If the collection Kof point sets
determines a point set k, then each subcollection of K deter-
mines a set which is not a proper subset of k„
1
2Property (3). No collection of point sets determines
two point sets.
Theorem I. If M is a point set, then there is only
one collection H of point sets which has properties (a),
(b), (c), (d), and (e) listed below. Moreover, if the state-
ment x precedes y means y is a proper subset of x, then H is
well ordered with respect to this meaning of the word precedes
Property (a). M is in H.
Property (b). Each member of H is a subset of M.
Property (c). If an acceptable subcollection H' of
H determines D, and no acceptable proper subcollection of
H' determines a member of itself then D is in H.
Property (d). If D is a member of H distinct from
M, then there is only one acceptable subcollection H' of H
which determines D, does not contain D, and has no acceptable
proper subcollection which determines a member of itself.
Property (e). If there is some set w which is deter-
mined by the acceptable subcollection H' of H and D is in H,
then D is in H' or D is a subset of w.
The following property is also introduced:
Property (c'). If an acceptable proper subcollection
H 1 of H determines D, and no acceptable proper subcollection
of H ’ de t e rmines a member of itself then D is in H„
Notice that in the following proof of Theorem I, the
axiom of choice is not called upon, A collection with prop-
erties (a), (b), (c), (d), and (e) is said to have property
3(f)• A collection with properties (a), (b ) , (c
1 ), (d), and
(e) is said to have property (f' ).
Proof of Theorem I. The collection whose only mem-
ber is M has property (f'). We shall now assume that G is a
collection which has property (f'), and introduce the nota-
tion that if J is an element of G distinct from M, then
denotes the only acceptable subcollection of G which deter-
mines J, does not contain J, and has no acceptable proper
subcollection which determines a member of itself. It will
now be shown that G has the following properties labeled (A),
(B), (C), (D), (E), (F), and (G).
(A) If J and K belong to G, J +M, K +M, and G
v
is
K.
not a sub collection of GT , then K is a proper subset of J.
Statement (A) follows from (e) and (1).
(B) If P and Q belong to G and are distinct from M
and P is a proper subset of Q, then is a proper subcollec-
tion of Gp.
Proof. If P and Q are members of G distinct from M
and P is a proper subset of Q then by (1), P is a proper
subset of each member of and by (e), is a subcollection
of Gp. But by (3), G i Gp therefore G is a proper subcollec
tion of Gp.
(C) G is monotonic.
Proof. If J and K are elements of G, and J is not a
subset of K then, by (e ) , J is in G and, by (1), K is a
subset of J.
(D) If the statement x precedes y means y is a
proper subset of x, then G is well ordered with respect to
this meaning of the word precedes.
Proof. Let the statement x precedes y mean y is a
proper subset of x. If J precedes K and K precedes L, then
J precedes L. If J precedes L, then L does not precede J.
It follows from (C) that if J and K are two members of G,
then J precedes Kor K precedes J. It will now be estab-
lished that every subcollection of G has a first term.
Suppose that there is some subcollection G' of G which has
no first term. Denote by G" the collection of all members
of G which precede each member of G'. It follows from (b)
that M is in G M
.
If w is in G', then there is a member y
of G’ which precedes w. From (e) we see that y is in
and, since y is in G', y is a subset of each member of G"
and therefore, by the definition of acceptable, we see that
each member of G M is in G
.
G" is acceptable and no
w
acceptable subcollection of determines a member of itself.
Because of (2), G" determines a set V „ The set V is not in
G" because G" is an acceptable subcollection of G . Because
of (c) we see that V is in G. V is not in G' because, as we
have seen, each member of G' is determined by a collection
which is an acceptable subcollection of G and which contains
Gy as a proper subcollection. Since V is not in G", there
is a member U of G' which is not a subset of V and therefore,
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by (C), V is a proper subset of U. From (B) we see that
Gy is a proper subcollection of Gy. But G' is Gy and Gy
is a proper subcollection of Gy. Therefore our assumption
that G 1 does not have a first term is false.
(E) If x is a member of G distinct from M and G'
x
is the collection of all the members of G which precede x,
then G ' is G
.
x x
Proof. Suppose x is a member of G distinct from M
and G 1 is the collection of all the members of G which
precede x. Suppose now that contains a member w which
is not in G 1 . The set w is not x because x is not in G
x x
and w is in The set w is a proper subset of x and,
since G is acceptable, G must contain x. This is a contra-
x
7
x
diction to the assumption that is not a subcollection of
G’
.
Therefore G is a subcollection of G' . Now suppose
x x x
r
that G' contains a member w of G which is not in G
, then,
x x 7 7
because of (e), W is a subset of each member of G . Therefore,7
x
7
w is a subset of x but, since no member of G' is a subset7
x
of x, we see that our assumption is false and G' is a sub-
collection of G .
x
(F) If the collection H of sets has property (f')
then G is an acceptable sub collection of H or H is an
acceptable subcollection of G.
Proof. Suppose that there is a collection of sets H
which has property (f’ ) such that H is not an acceptable
5
6subcollection of G and G is not an acceptable subcollection
of H. Suppose now that H contains a set which is not in G.
Denote by x the first set of H which is not in G. H con-
x
tains M and each member of H is a member of G. Let G'
x
denote the subcollection of G to which y belongs if and
only if there is a member z of H such that y is not a
x
proper subset of z. If each member of G' is in H, then G'
is an acceptable subcollection of H and, since G is not an
acceptable subcollection of H, G' 4 G and, by (c), x is in
G. Therefore there is a member of G’ which is not in H.
Denote by w the first member of G' which is not in H. The
collection G is an acceptable subcollection of H and,
since no acceptable subcollection of determines a member
of itself, it follows from (c) that w is in H. This consti-
tutes a contradiction, therefore G has property (F).
(G) If L is an acceptable proper subcollection of G,
then L has property (f').
Proof. If L is an acceptable proper subcollection of
G, then L has properties (a) and (b) and since each acceptable
proper subcollection of L is an acceptable proper subcollec-
tion of G, it follows that L has properties (c') and (e).
If D is in L, then D is in G and is an acceptable proper
subcollection of both L and G, therefore L has property (d).
Let K denote the collection to which the set x
belongs if and only if x is a member of a collection which
has property (f 1 ). We see at once that K has properties
(a) and (b).
We shall now show that K has property (c’) by
showing that if K’ is an acceptable proper subcollection of
K then K 1 determines a member of K.
If K’ is an acceptable proper subcollection of K,
then there is some member y of K which is not in K'. The
set y belongs to some collection R with property (f'). Let
x denote the first member of R which is not in K'. Since
x is in R, x is in K. From (E) it follows that is a sub-
collection of K'. From (G) it follows that has property
(f* ). Suppose that there is a set w which is in K* but not
in R
.
There is a collection T with property (f') which
contains w. From (G ), we see that must have property
(f 1 ). From (F), it follows that is an acceptable proper
subcollection of or is an acceptable proper subcollec-
tion of T . Since T determines w, w is not in R , and R
has property (c
1
) it cannot be true that T is an acceptable
proper sub collection of R . Therefore R is an acceptable
proper subcollection of T . From (A) we see that w is a
proper subset of x. Since x is in K but not in K' , x is a
subset of each member of K' by the meaning of the word
acceptable. Since w is in K' and w is a proper subset of x,
w is a proper subset of
itself. The assumption that K' is
not a subcollection of has therefore led to a contradic-
tion. Since K' is a subcollection of R and R is a
X X
7
8subcollection of K', K' is R . Therefore K' determines x.
x
Therefore K has property (c' ) .
It will now be established that K has property (d).
Let D denote a member of K which is distinct from M.
Denote by K' the collection of all the members of K which
are not subsets of D. D is in a collection R which has
property (f' ). is a subcoll ection of K'
. Suppose that
there is some element wof K' which is not in R^. The set
w is in a collection T with property (f'). It follows from
(F) that is an acceptable proper subcollection of or
is an acceptable proper subcollection of R^. The collec-
tion is not an acceptable proper subcollection of
because wis not in R^. The collection is not an accept-
able proper subcollection of T because D is not in T . This
w w
constitutes a contradiction. Therefore, each member of K' is
in K' is the only acceptable subcollection of K which
determines D, does not contain D, and has no acceptable proper
subcollection which determines a member of itself. There-
fore K has property (d).
K' is the only acceptable sub collection of K which
determines D, and we have seen that if x is in K then x is
in K 1 or x is a subset of D. Therefore K has property (e).
The supposition that K determines a set x which does
not belong to K leads to a contradiction because the set
which consists only of the elements of K along with the
9element x has property (f' ). Therefore K has property
(c) .
Suppose that there is a set J which has property
(f) and is distinct from K. We see from (F) that J is an
acceptable proper subcollection of K or K is an acceptable
proper subcollection of J. Suppose that J is an acceptable
proper subcollection of K. Denote by x the first member of
K which is not in J. We see from (E) that J is the only
acceptable subcollection of K which determines x, does not
contain x, and has no acceptable proper subcollection which
determines a member of itself. Therefore J does not have
property (c’). Therefore K is the only collection which has
property (f). This completes the proof of Theorem I,
Notation. If h is a number, let jh denote the
vertical line which contains the point (h, h) and let h_
denote the horizontal line which contains the point (h,h).
The following definitions facilitate the discussion
of Theorem II:
Definition. The statement that the simple graph f
with x-projection [a, b ] has property c means that f is the
pointwise limit of a sequence of continuous simple graphs
each with x-projection [a, bJ .
Definition. The statement that the simple graph f
with x-projection [a,b ] has property c over the segment s
means that if c is a number, there exist sequences T^Cc),
10
ing three conditions:
(1) If n is a positive integer, T (c) and B (c)
n n
are finite collections of intervals.
(2) If n is a positive integer, [T (c) ] * and [B (c )] *
are mutually exclusive.
(3) If u is a point of [a,b ] which is in s and
f(u) > c and v is a point of [a,b] which is in s and
f(v) < c, then there exists a positive integer K such that
if L is a positive integer greater than K then u is in
and v is in [B^(c)]*.
Definition. The statement that the simple graph f
with x-projection [a,b ] has property at [x,f(x)] means
that there is a segment s containing x such that f has
property over s.
Definition. The statement that the simple graph f
with x-projection [a,b] has property over the segment s
means that if c and d are numbers and c > d, then there
exist sequences T£( c, d) , ... and
which satisfy the following conditions:
(1) If n is a positive integer, T (c,d) and B (c,d)
are finite collections of intervals.
(2) If n is a positive integer, T^Cc, d)]* and
[B (c.d)]* are mutually exclusive,
n
(3) If u is a point of [a, b ] which is in s and
f (u) > c and v is a point of [a,b] which is in s and
11
f (v) < d then there exists a positive integer K such that
if L is a positive integer greater than K, u is in [T (c,d) ] *
L
and v is in [B (c,d)]*.
Jj
Definition. The statement that the simple graph
with x-projection [a, b ] has property c at the point
[x, f(x)j means that there exists a segment s containing x
such that f has property over s.
Definition. The statement that the simple graph f
with x-projection [a, b ] has property c at the point p of
f means that there exist two vertical lines h and k with p
between them such that if OC and f 3 are two horizontal lines
and T is a subset of having the property that each
point of f with abscissa in T is between h and k and above
a and ft, and B is a subset of [ a, b ] having the property that
each point of f with abscissa in B is between h and k and
below a and p, then there is a point of B which is not a
limit point of T or there is a point, of T which is not. a
limit point of B.
Theorem 11. If f is a simple graph with x-projection
[a
; b], then each two of the following four statements are
equivalent:
(1) f has property c .
(2) f has property c 2 at each of its points.
(3) f has property at each of its points.
(4) f has property cat each of its points.
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The following definitions facilitate the discussion
of theorem III:
Definition. The statement that the simple graph f
with x-projection [a,b ] has property r means that f is
the pointwise limit of a sequence of continuous on the right
quasi- continuous simple graphs.
Definition. The statement that the simple graph f
with x-projection [a,b ] has property over the segment s
means that if c is a number, there exist sequences T^(c),
T
2
(c), ... and B (C )
,
... which satisfy the following
three properties:
(1) If n is a positive integer, T^( c) and are
finite collections of closed on the left sects.
(2) If n is a positive integer, and
are mutually exclusive.
(3) If u is a point of [a,bJ which is in s and
f(u) > c and v is a point of [a,b] which is in s and
f 'v) < C
,
then there is a positive integer K such that if L
is a positive integer greater than K then u is in [T (c)]*
and v is in [B (c,)l*.
Definition. The statement that the simple graph f
with x-projection [a,b ] has property r at the point
[x,f(x)] means that there is a segment s containing x such
that f has property over s.
Definition. The statement that the simple graph f:
with x-projection [a,bJ has property over the segment s
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means that if c and d are numbers and c > d then there
exist sequences
(c,d), ... which satisfy the following properties:
(1 ) If n is a positive integer, T (c,d) and
B (c.d) are finite collections of closed on the left sects,
n
(2) If n is a positive integer, [T (c,d)]* and
[B (c, d) ]* are mutually exclusive.
(3) If u is in [a,b] and f(u) > c and v is in [a,b]
and f(v) < d, then there is a positive integer K such that
if L is a positive integer greater than K, then u is in
[ T (c,d ) ]* and v is in [B (c, d) j*.
1j JLi
Definition. The statement that the simple graph f
with x-projection [a,b ] has property at the point
[x , f(x)] means that there exists a segment s containing x
such that f has property over s.
Definition. The statement that the simple graph f
with x-projection [a, b ] has property r at the point p of
f means that, there exist two vertical lines h and k with p
between them such that if a and (3 are two horizontal lines
and T is a subset of [a,b \ having the property that each
point of f: with abscissa in T is between h and k and above
CC and (3 and B is a subset of [a, b j having the property that
each point of f with abscissa in B is between h and k and
below a and (3, then there is a point of B which is not a
limit point of T from the right or there is a point of T
which is not a limit point of B from the right.
Theorem 111. If f is a simple graph with
x-projection [a,bj, then each two of the following four
statements are equivalent:
(1) f has property r^.
(2) f has property r at each of its points.
(3) f has property r at each of its points.
(4) f has property at each of its points.
The following le mm a will be used to show that
statements (l) and (2) of theorem II are equivalent.
Lemma. If f is a simple graph with x-projection
[a,b] and f has property at each of its points, then
there is a segment s which contains [a,b ] such that f has
property c over s.
Proof of the lemma. Suppose f is a simple graph
with x-projection L a ; b ] and f has property at each of
its points. If x is a number in [a,b], there exists a
segment containing x such that f has property over
s .
x
There exists a finite sequence of segments
S = s ... which has the following four properties:
(1) If is in Sthen f has property over s .
(2 ) S covers [a,b j.
(3 ) No proper subsequence of S covers [a 3 b].
(4) If n is a positive integer less than k, then the
left end of s lies to the left of the left end of s ,
n n+ 1
.
14
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Suppose c is a number. Let
62(c), ... satisfy the definition of property C 2 over
Let T2
’ (c) ... and B 1 (c) ,B 2’ (c) , ... satisfy
the definition of property C 2 over S2* The set s • is a
segment. Either f(x) = c for each x is S2 or there is a
number xin
s^-S2 such that f(x) ic.
Suppose f(x) = c for each number x in s °s
2
•
Denote
by I and J two mutually exclusive intervals which are sub-
sets of s^’ Denote by the set to which x belongs
if and only if x is in lor x is in \ s.-s * s.] and [T (c) ] *
1 1 z n
or x is in [s, -s
1
*s
0
] and [T ' (c)J* Denote by V (c) the
set to which x belongs if and only if x is in J or x is in
[s, - s •s
0
] and [ B (c) ] * or x is in fs_ - s • s ' and F B 1(c) 1 * .
For each positive integer n, U is the sum of a finite col-
lection of intervals t: and V is the sum of a finite collec-
n n
tion of intervals therefore f has property over
a
l
+ s 2 *
Now suppose that there is a number x in S -^"
S
2
suc h
that f(x) i c. Suppose for convenience that. f(x) >c. Let
M denote some interval which does not intersect
[si +s2+••• +sk J . There is a positive integer n such that if
m is a positive integer greater than n then x is in
[T (c) j* * [T* (c) Therefore there is an interval L
mm m
which contains x but contains no point of + [B' (c)j*
For each positive integer n, let U denote the number
n
set to which t belongs if and only if t satisfies one of the
following three conditions:
(1) The number t is in an interval I of T , (c)
m+n
where I contains a number less than x and t < x.
(2) The number t is in an interval J of T' , (c)
m+n
where J contains a number greater than x and t > x.
(3) The number t is in M.
For each positive integer n, let denote the
number set to which t belongs if and only if t satisfies
one of the following three conditions:
(1) The number t is in an interval I of B , (c)
m+n
where I contains a number less than x and t < x.
(2) The number t is in an interval lof B 1 , (c)
m +n
where I contains a numb er greater than x and t > x.
(3) The number t. is in M.
Each of U and V is the sum of a finite collection
n n
of intervals. f has property over Since S is
finite, f has property over s -l
+s
2
+ +s
k*
This com-
pletes the proof of the lemma.
Suppose f is a simple graph with x-projection [ a, bj.
It will now be established that if f has property c then f
has property at each of its points. Suppose f has prop-
erty
above or on c_ then there exist sequences T (c),
and
the sequences in the definition of property
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obvious that sequences of this type exist if c is a number
such that each point of f is below or on Suppose c is a
number such that there is a point [u, f(u)] above c_ and a
point [v, f(v)] below c. There is a positive number e such
that [u, f(u)] is above c+e and [v, f(v)] is below c-e.
There exists a positive integer K such that for each posi-
tive integer K 1 > K, f ,(u) > c + e/2 and f ,(v) < c - e/2.
Denote by the collection to which the segment s belongs
if and only if s satisfies one of the following three
conditions :
(1) If xisin s, f (x) >c + e/2
n
K +n
(2) If xisin s, f (x) <c - e/2 n+^.
Kin
(3) If x is in s, c - e/ < (x) < c + e/2
n
.
Since f is continuous, covers [a,b]. Some finite
subcollection of covers [ a, b], For each positive
integer n, let T (c) denote the collection of intervals to
which the interval I belongs if and only if there is some
segment s in S’ such that s contains the abscissa of a
point of above c+e / 2 and s = I. Let B (c) denote
the collection of intervals to which the interval I belongs
if and only if there is some segment s in S' such that s
n
contains the abscissa of a point of f
ß+n
below c - e/ and
s = I. Notice that since
B
2
(c), ••• satisfy the three conditions imposed on the
sequences in the definition of property c f has property
c 2 at each of its points.
17
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It will now be established that if f has property
at each of its points then f has property c . If f has
property at each of its points then, by the lemma, there
exists a segment S containing [a,b] such that f has property
over S, For each number c, let
B 2 ( c ), .. denote two sequences of intervals which satisfy
the three conditions imposed upon the sequences in the defi-
nition of property over S and also satisfy the following
six conditions for each positive integer n:
(1) If D is a nonnegative number, T (D) contains
n
[b+l, b+2].
(2) If D is a positive number B (D) contains
n
[b+3, b+s].
(3) T (0) contains [b+3, b+4].
n
(4) B CO) contains [b+s, b+6].
n
(5) If D is a negative number, T (D) contains
n
[b+s, b + 6].
(6) If D is a nonpositive number, contains
[b+7, b + B].
Suppose c is a positive rational number, c = r/s
in lowest terms, and n is a positive integer. Denote by
E(c) the collection to which the number D belongs if and
only if D is a nonnegative rational number, D = u/v in
lowest terms, v < s, and D<, c.
Let U (c) denote the number set to which the number
n
x belongs if and only if, for each D in E(c ) , x is in
19
[T (D)]*. Let u (c) denote the number set to which the
n n
number x belongs if and only if there is a number D in F
n
(c)
such that x is in [T (o)3* * [B (D) ] *. Let JL (c) denote
n n n
the number set to which the number x belongs if and only if
there is a number D in E(c) such that x is in
[B (o)]* • [T (D)3 *• Let L (c) denote the number set to
n n n
which the number x belongs if and only if, for each D in
E(c), x is in [B (-D)l*.
n
If c is a positive rational number and n is a posi-
tive integer, then there exists a finite collection S (c)
with the following properties:
(1) Each member of S (c) is an interval or a
n
degenerate point set.
(2) No two members of S (c) have a point in common.
n
Denote by M the number set to which the number x
n
belongs if and only if x is the midpoint of a segment (d,e)
which satisfies the following three conditions:
(1) The number d is a or d is an end point of a member
of T (0) + B (0).
n n
(2) The number e is b or e is the endpoint of a mem-
ber of T (0) + B (0).
n n
(3) There is no point of [ T (0) + B (o)3* in (d, e ) .
n n 7
Denote by Q (c) the number set to which the number x
n
belongs if and only if either x=a, x=b, x is the only member in
a degenerate set of S (c), x is an endpoint of an interval
of S (c), or x is in M .
n n
(3) [S
n
(c)]* - [U
n
(c) + u
n
(c) + l
n
(c) + L
n
(c)]*.
Denote by P (c) the point set to which the point
(x,y) belongs if and only if either x is in [Q
r
(c) ] • [(c) ]*
and y = c, x is in [Q (c)]*[L (c)]* and y = -c, or x is in
n n
Q (c) but not in [U (c) + L (c)]* and y = 0.
n n n
Let denote the contraction to [a,b] of the polygon
graph connecting the points of P (c).
n
Let R denote a sequence of rational numbers r^ f
which contains each rational number only once.
Let G denote the sequence g , ... of continuous
simple graphs each with x projections [a,b] and each satis-
fying the following three properties:
(1) If n is a positive integer and x is a member of
M which is in [a.b] then g (x) = 0.
n n
(2) If n is a positive integer, x is a number which
is in [a,b] but not in M , e is the largest number of M +{a]
n n
less than or equal to x, d is the smallest number of M^+ {b}
greater than or equal to x, and there is a point of [T (o)]*
in (e,d) then g n (x) is the least upper bound
of
[(x), f" (x), ... f" (x) ] .
rlr2 r n
(3) If n is a positive integer, x is a number which
is in [a,b] but not in M , e is the largest number of
M + fa] less than or equal to x, d is the smallest number of
n
M + (b] greater than or equal to x, and there is a point of
n
[B (o)]* in (e, d ) then is the greatest lower bound of
[f" (*), f" (x), ... f" (x)].
r
l r 2 rn
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Notice that each member of G is continuous. It will
now be established that f is the pointwise limit of G.
Suppose e is a positive number and x is a number in
[a.b] such that f(x) > 0. There is a rational number r in
n
R such that r < f(x) and f(x) - r < e. Since E(r ) is
n n n
finite and f has property over S, there exists a positive
integer J such that if w is in and K is a positive
integer greater than J, then x is in [T (w)]*. Notice that
if L is a positive integer which is greater than J + n, then
xisinU (r ) (x) = r and g
T
(x) > r
unrn n l n
There is a rational number t = r/s in lowest terms
such that t > f(x) and t-f(x) < e. Denote by Z the set of
rational numbers to which the rational number x = u/v in
lowest terms belongs if and only if v < s
f
u/v >1 t, and
(u-l)/v < t. If z is in Z } there exists a positive integer
N such that if N' is a positive integer greater than N, x
is in Since Z is finite, there exists a positive
integer M such that if M' is a positive integer greater
than M and w is in Z then x is in B^' (w). If P is a posi-
tive integer greater than K+n+M, then |g (x) - f(x)| < e.
A similar argument can be used to establish this fact in
case f(x) < 0 or f(x) = 0. Therefore if f has property
at each of its points then f has property c^.
It will now be demonstrated that if p is a point of
f, f has property at p if and only if f has property
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at p. Notice that if f has property at the point p of
f then f has property at p. Now suppose f has property
at the point p of f. There exists a segment s which
contains the abscissa of p such that f has property over
s. For each number pair (u,v) let T^(u,v), (u ; v), ...
and B^(u,v), (u,v) ; ... denote two sequences which satisfy
the three properties of the sequences in the definition of
property over s. Suppose c is a number. For each posi-
tive integer n, let denote the set to which x belongs
if and only if there exists some positive integer k _< n such
that x is in [T (c + 1/k, c - l/k)]*but x is not in
n
K
Z [B (c + 1/p, c - 1/p)]*, and let b (c) denote the set to
P = 1
which x belongs if and only if there exists some positive
integer k <_ n such that x is in [ B (c + 1/k, c - 1/k)]* but
k
x is not in Z [T (c + 1/p, c - 1/p)]*. Denote by Tn( c )
p=l
n
the collection of components of t (c) and by B (c) the col-
n n
lection of components of b (c). The sequences T^(c),
ties of the sequences in the definition of property over
s. Therefore if f has property at the point p of f then
f has property at p.
It will now be established that if f has property
at the point p of f, then f has property at p. Sup-
pose that there is some point p of f such that f has prop-
erty at p but f does not have property c at p .
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There exist two vertical lines |h and |k with p
between them and two horizontal lines CC and (3 such that
Q:>P and a subset T of the x-projection of points of f
between |h and Jk and above OL and a subset B of the
x-projection of points of f between |h and |k and below
j 3 such that each point of T is a limit point of B and each
point of B is a limit point of T and such that f has prop-
erty over (h,k). Denote by a* and (3' two numbers such
that a> a' > (3' > (3. Denote by T (a’), ... and
B
1
(a'), B
2
(a'), ... and by T £ (p 1), ...
and
B
2
(P’), ... two pairs of sequences each satisfying the
properties of the sequence pair in the definition of prop-
erty c 2 over (h,k).
Suppose that u is a point of T and v is a point of
B, then there exists a positive integer N such that if N’
is a positive integer greater than N then u is in [T ,(a')]*
and [T (£')]* and v is in [B^ 1 (ck* )]* and (£’)]*. For
each positive integer k, let t denote the set to which x
K.
belongs if and only if, for each positive integer k' >_ k,
x is in [T ,((3 I )]* and let b denote the set to which x
IN T K. K.
belongs if and only if, for each positive integer k' _> k,
x is in [B
N+k ,(«') ]*.
If j is a positive integer, and b are closed
sets. No point of B is in and no point of T is in b .
Therefore, t. does not cover T and b. does not cover B.'
J J
Hence, there exists an interval I, which contains a point
of T in its interior but contains no points of + b^.
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contains a subset of T and a subset of B such that
every point of is a limit point of and every point
of is a limit point of T . Since + does not cover
+ there is a subinterval of which contains a
point of in its interior but contains no points of
1
2
+ b^. In this manner, a monotonic sequence I •• •
can be constructed such that I contains no point of t + b
n n n
There is a point x which is common to ... . Since x
is not in t + f(x) _< (3 ' and since x is not in
bi + f(x) >_ a! . This constitutes a contradiction.
Therefore, if f has property at the point p of f, then f
has property at p.
Theorem I will now be used to show that if f has
property at the point p of f, then f has property at p
Suppose f has property at the point p of f. There exist
two vertical lines jh and |k with p between them such that
if C£ and jS are horizontal lines, and T is a subset of [a,b]
having the property that each point of f with abscissa in T
is between |h and |k and above a and J 3 and B is a subset of
[a,b] having the property that each point of f with abscissa
in B is between jh and jk and below oc and j3, then there is a
point of T which is not a limit point of B or there is a
point of B which is not a limit point of T. The non-trivial
case is the one in which there are points of f between jh
and | k and above a and and points of f between jh and |k
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and below a and |3. Denote by U the set of abscissas of all
points of f between |h and |k and above Ot and j 3 and by V the
set of abscissas of all points of f between |h and jk and
below a and p.
Let G denote the collection of sets which satisfies
the following three conditions:
(1) The collection G has property (f).
(2) The set U is the first member of G,
(3) The subcollection G ' of G determines g means that
the common part c of all the members of G' exists, there is a
point of V in c, there is a point of c in V•c, and g = C-V*c.
Let H denote the collection of sets which satisfies
the following three conditions:
(1) H has property (f).
(2) V is the first member of H..
(3) The subcollection H ' of H determines h means that,
the common part d of all the members of H' exists, there is a
point of U in d, there is a point of d in U°d and h = d°U°d o
Notation. If K is a collection of pointsets and t is
a point of a member of K or t is a pointset which is a subset
of a member of K, then let K(t) denote the common part of all
the members of K which contain t.
Let J denote the collection of intervals to which
n
the interval I belongs if and only if I = [b+l,b+2] or the
following three conditions are satisfied:
(1) The length of I is l/2
n
.
(2) The center of I is a point x of U.
Let K denote the collection of intervals to which
n
the interval I belongs if and only if I = [a-2,a-l] or the
following four conditions are satisfied:
(1) The length of I is l/2
n
.
(2) The center of I is a point y of V.
Because of condition (4) in the definition of K
,
it
n
follows that if n is a positive integer, [ and [K ]* are
mutually exclusive. Suppose u is in U and v is in V. It
will now be established that there exists a positive integer
n such that if n' is a positive integer greater than n, then
u is in [J ,]* and v is in [K ,]*. If no member of V is a
n' n
limit point of G(u ), then for each positive integer n, u is in
J
0 Suppose that some member of V is a limit point of G(u).
n
If u is a limit point of V•G( u ) , then G(u)°V°G(uJ is a member
of G which contains u and G(u) = G(u)*V°G(u). Therefore,
every point of V-G(u) is a limit point of G(u) and every
point of G(u) is a limit point of V-G(u). This constitutes
a contradiction. Therefore, u is not a limit point of
26
(3) If there is some point of V which is a limit
point of G(x) and y is in V*G(x) then Jx— y J > 4/2
n
.
(3) If there is a point of U which is a limit point
of H(y) and x is in U«H(y), then jx-yj > 4/2
n
.
(4) If x is in [ J ] * then jx-y| > 3/2°.
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V•G(u). Hence, there exists a positive integer n such that
if n' is a positive integer greater than n, then no point of
V-G(u) is in [u - 4/2°
,
u + 4/2
n
]. Thus, u is the center
of an interval of J
n 1
By the same reasoning, there exists a positive integer
m such that if m' is a positive integer greater than m, then
there is no point of U which is in H(v) and in
[v-4/2
,
v+4/ 2 ] .
It will now be established that there exists a posi-
tive integer r such that if r' is a positive integer greater
than r and x is in [ J ,] *, then jx-vj 3/2
If v is not in G(x) for any x in U, then v is not in
U, Therefore, there exists a positive integer r such that if
r' is a positive integer greater than r and y is in U, then
|y- v j > 4/2
r
. Hence, if z is in [ J ,] *, then jz-v| _> 3/ 2
r
.
If v is in G(x) for each x in U, and for some positive
integer n, y denotes the center of an interval of then
|y-v| > 4/2
n
„ Hence, if wis a point of [J ] *, then
1w- v | > 3/2
n
.
If there are two numbers x and y in U such that v is
in G(x) but v is not in G(y), then denote by M the set to
which z belongs if and only if z is in U and v is not in G(z)„
If i is a positive integer and w denotes a member of an
interval of J. with center in [U-Mj, then |w-v| > 3/2
1
.
Either there is no set in G which is a proper subset of G(M)
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or there is some set in G which is a proper subset of G(M) and
therefore, there is a first such set. In either case, there
is a member x of M such that G(M) = G(x). Therefore, v is not
a limit point of G(M) and consequently v is not a limit point
of M. Hence, there exists a positive integer r such that if
r' is a positive integer greater than r and Z denotes a member
of an interval of J , whose center is in M, then
r '
I z - v| > 3/2 . Therefore if Z denotes a member of an inter-
J
val of
1
then I z - v| > 3/2 0 Hence, there exists a posi-
tive integer s such that if s’ is a positive integer greater
than s then v is in [K ,I*.
s '
For each positive integer n, let T^(a, p) denote the
collection of components of [J ]* and let denote the
collection of components of [K ]*. The sequences (3),
...
and
imposed upon the sequences in the definition of property
over (h, k). Therefore f has property at p. This com-
pletes the proof of Theorem 11.
The fact that statements (1), (2), and (3) of
Theorem 111 are equivalent and that statement (2) of Theorem 111
implies statement (4) of Theorem 111 can be established with
arguments similar to those used in the proof of Theorem 11.
These arguments will be omitted from the paper. Theorem I
will now be used to prove that if f has property r at the
point p of f then f has property at p„ Suppose f has
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property at the point p of f„ There exist two vertical
lines |h and jk with p between them such that if a and
are horizontal lines, and T is a subset of [A,B] having the
property that each point of f with abscissa in T is between
| h and jk and above OL and f 3 and B is a subset of [a, b] having
the property that each point of f with abscissa in B is between
|h and |k and below Q! and j3, then there is a point of T which
is not a limit point of B from the right or there is a point
of B which is not a limit point of T from the right. The non-
trivial case is the one in which there are points of f between
Ih and |k and above a and J 3 and points of f between jh and |k
and below ol and (3. Denote by U the set of abscissas of all
points of f between Ih and Ik and above OL and J 3 and by V the
set of abscissas of all points of f between Ih and jk and
below a and j3.
Notation,, If M is a set, denote by M the set to which
x belongs if and only if x is in M or x is a limit point of M
from the right and denote by M the set to which x belongs if
and only if x is in M or x is a limit point of M from the left.
Let G denote the collection of sets which satisfies
the following three conditions:
(1) G has property (f).
(2) U is the first member of G„
(3) The subco 11 ection G' of G determines g means that
the common part of c of all the members of G’ exists and
30
there is a point of V in c and there is a point of c in V•£
and g = c•V•c.
Let H denote the collection of sets which satisfies
the following three conditions:
(1) H has property (f).
(2) V is the first member of H.
(3) The subcollection H' of H determines h means that
the common part d of all the members of H' exists and there
is a point of U in d and there is a point of d in U-d and
h = d - U-d.
For each positive integer n] let T denote the collec-
n
tion to which the set s belongs if and only if the following
four conditions are satisfied:
(1) The set s is a sect closed on the left.
(2) The length of s is 1/n.
(3) The left end of s is a point x of U.
(4) If y is in V• G (x) and x < y then jx—y | >; 4/ n.
Suppose x is a member of U. If there is a point of
V in G(x) and x is in V-G(x), then G(x) = G(x)*V«G(x) and
each point of V-G(x) is a limit point of G(x) from the right
and each point of G(x) is a limit point of V-G(x) from the
righto This constitutes a contradiction. Therefore- x is
——
not in V-G(x). Hence, there exists a positive integer n such
that if n' is a positive integer greater than n, x is the left
end of a sect of T
n
Suppose for some positive integer n, J is a component
of [T ]*. Let a(J) denote the collection to which s belongs
n
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if and only if the following five conditions are satisfied:
(1) The set s is a sect closed on the left.
(2) The length of s is 1/n.
(3) The left end of s is a point y of V• J .
(4) If x is in J, x is the left end point of a member
of T | x-y | < 2/ n, x < y, and y is not a limit point of
G(x) from the left, then |x— y] > 1/n.
Denote by T' the collection to which c belongs if
and only if c is a component of the set to which x belongs
if and only if x is in a component K of T but x is not in
n
<
[CK (J )] *. Notice that T' is finite and each member of T'
n n
is a segment or a sect closed on the left.
It will now be established that if i is a positive
integer and x is a point of U which is the left end point
of a sect of T^ , then the component of (T )
* which contains
x contains no point of U which is to the right of x and is in
G(x)°V*G(x). Suppose that the component J of (T\)* which
contains x contains a point w of U which is to the right of
<4——
x and is in G(x)*V»G(x). There is a positive integer k such
that k/i > |w- x J . Since w is in G(x)*V°G(x), there is a point
*
yof V•G(x) to the right of w such that I y-w J < 1/i. It
follows from the definition of T. that !y- xI > 4/ i and there-
fore, jx-wl > 3/io There is a number sequence x , ...
such that x is the left end point of a sect of T .
3/i > | x -xI >l/i, x < x <w, G(x) is a subset of G(x ) ,
and |w-x]_| > 3/i. Likewise, for each positive integer
n > 1 there is a number x > x
.
such that x is the left end
n n- 1 n
of a sect of T,. 3/i >|x -x
.
I > 1/ i, x 1 < x <w, G(x -)1 n n-1 1 ’ n-1 n ’ n-1
is a subset of G(x ), and Iw-x I > 3/i, Therefore,
n 1 n 1 7
x. > w but, for each p, x < w. This involves a
k+l ’
p
contradiction.
It will now be established that if x is in U, there
exists a positive integer p such that if q is a positive
integer greater than p, then x is in T ' „ Suppose x is in U.
We have seen that there exists a positive integer nq such that
if m is a positive integer greater than then x is the left
end point of a member of T’ m . For each positive integer i
> n
,
let J\ denote the component of which contains x. Suppose
that there is some positive integer i > n- such that x is in
a( Ji ) . Each point of which is to the left of x and which
is the left end point of a member of has only one of the
following two properties.
Property n, The point w has property n if and only
if w is in U, x is not in G(w), and G(w) is a subset of G(x),
Property m. The point w has property m if and only if
w is in U, x is in G(w), and G(w) is a subset of G(x)„
Suppose that there is a point which is to the left of x,
has property n, and is the
left end point of a member of T „
Let N denote the set of all such points. Either there is no
element of G which is a proper subset of G(N) or there is a
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first such element. In either case there is a point yof N
such that G(y) = G(n). Therefore, x is not a limit point of
G(N). Hence, there exists a positive integer > such
that if m is a positive integer greater than and w is in
G(N), then |x-w| > 4/m.
Suppose that there exists a positive integer k >
such that x is in CC(J, ). There is a sect s of a(J, ) whose
k y k
left end point y is in V*J. such that s contains x. There
k y
is a sect s in T. whose left end point w is in J, such that
w k k
contains y. The point w must have property m. Therefore,
x is a limit point of G(w). Hence there is a point of G(w)
in s
.
This constitutes a contradiction to property (4) of
the definition of Therefore, for each positive integer
i > x is not in a(J\).
Suppose that for some positive integer i > x is
in [OC (J .)] *. If x is a limit point of G(x) from the right,
then there is a point z of G(x) such that z > x and
| z-x| < 1/2 i „ From property (4) of the definition of a(J^),
it follows that no point of lies between z and x.
Therefore x is not a limit point of G(x) from the righto
Hence, there is a number e such that no point of G(x) is in
(X, X+ € ) .
If y is some point of J*V such that x < y, y is the
left end of a sect of a(J . ) , and y is not in G(x ) , then it
follows from property (5) of the definition of a ( ) that
|x- y | > 1/ i .
34
Denote by Q the set to which y belongs if and only if
y is in J•V, x < y, y is the left end of a sect of and
y is in G(x). The point x must be a limit point of Q. There-
fore there is a point z of Q such that z is in (x, x+e). Hence,
►
y is not in G(x). This constitutes a contradiction. It is
therefore established that if m is a positive integer greater
than n
O ,
then x is in T' .
I m
It will now be established that if y is a point of V,
then there exists a positive integer p such that if q is a
positive integer greater than p then y is not in T' . Suppose
that y is in V. We now introduce the following three defini-
tions which depend upon y.
Property r. The point x has property r if and only if
►
x is in U and y is not in G(x).
Property s. The point x has property s if and only if
>
x is in U, y is in G(x), and y is not in G(x).
Property t. The point x has property t if and only if
**
x is in U, y is in G(x), and y is in G(x).
Notice that if x is a point of U, then x has property
r
, s, or
t. Suppose that there is some point of U with prop-
erty r . Let R denote the set of all such points. Either there
is no member of G which is a subset if G(R) or there is a first
such set. In either case, there is a point z of R such that
■
G(Z) = G(R). Hence, y is not in G(R). Therefore, there exists
a positive integer such that if n is a positive integer
greater than and x is a point of G(R) to the left of y then
|x- y | > 4/ n .
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If x is a point of U which has property s, x < y,
and for some positive integer k, x is the left end point of
a member of then it follows from part (4) of the defi-
nition of that | x-y| > 4/k.
Suppose that there is some point of U which has
property t. Let W denote the set of all such points. The
◄
point y is not in V*G(w). Hence, there exists a positive
integer m 2 > m such that, for each positive integer k>m 2 >
there is no point of G(w) in [y, y + 1/k). If x is in J, x
is the left end point of a member of T
, jx— y j <_ 2/k, and
x < y, then x has property t and G(x) is a subset of G(t)
and no point of G(x) is in [y, y + 1/k). Hence, y is in
[a(J, )] *. Therefore, for each positive integer m > m 9 , y is
not in T'
m
T '
,
T '£, T' , ... is a sequence with the following
two properties:
(1) If n is a positive integer, then T' is a finite
collection each member of which is a segment or a sect closed
on the left.
(2) If u is in U and v is in V, then there exists a
positive integer J such that if K is a positive integer
greater than J, then u is in T ' and v is not in T ' .
By a similar argument, it can be established that
there exists a sequence
two properties:
(1) If n is a positive integer, B'
n
is a finite
collection each member of which is a segment or a sect closed
on the left.
(2) If u is in U and v is in V then there exists a
positive integer J such that if K is a positive integer
greater than J, then v is in B' and u is not in B' .
K K
There is a positive integer n such that, for each
positive integer K > n, there is a point of (T’ )* which is
not in (B' ) * and a point of (B' ) * which is not in (T
’ ) *.
K K K
For each positive integer J, let T"j denote the set to which
x belongs if and only if x is in (T 1 ) * but x is not in
n i j
(B ’ _)* and let B''_ denote the set to which x belongs if
n+J J
and only if x is in (B' . _) * but x is not in (T' _) *.
n+J n+J
Suppose that i is a positive integer. If c is a com-
ponent of T'' and d is a component of then there is a
sect c' which is closed on the left and contains c but con-
tains no point of and there is a sect d' which is closed
on the left and contains d but contains no point of T'
Therefore, there exist two sequences ... and
which satisfy the following three conditions:
(1) If n is a positive integer, each of and is a
finite collection of closed on the left sects.
(2) If n is a positive integer, (t ) * and (b )* are
n n
mutually exclusive.
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(3) If u is in U and v is in V, then there exists a
positive integer k such that, for each positive integer
j > k, u is in and v is in (b )*.
Therefore if f has property at the point p then
f has property at p.
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